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Abstract
For each pair of numbers m,n ∈ N with m > n, we consider the norm on R3 given by ‖(a, b, c)‖m,n = sup{|axm + bxn + c|:
x ∈ [−1,1]} for every (a, b, c) ∈ R3. We investigate some geometrical properties of these norms. We provide an explicit formula
for ‖ · ‖m,n, a full description of the extreme points of the corresponding unit balls and a parametrization and a plot of their unit
spheres.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and notation
The study of the extreme points of convex bodies (compact, convex, nonempty sets) in Banach spaces plays a
crucial role in Functional Analysis. Actually the Krein–Milman Theorem lets us characterize any convex body using
its extreme points. Let us recall that, given a convex body C in a Banach space, a point e ∈ C is said to be extreme if
x, y ∈ C and λx + (1 − λ)y = e, for some 0 < λ < 1, entails x = y = e. Equivalently, e ∈ C is extreme if and only if
C \ {e} is convex.
A characterization of the extreme points of the unit ball of a space of polynomials can also be useful in order
to obtain a number of sharp inequalities where norms of polynomials are compared. As far as the latter question is
concerned, the key result connecting polynomial inequalities and extreme points is what could be called the Krein–
Milman approach, that is, a convex function (like a polynomial norm, for instance) defined on a convex body (like
the unit ball of a finite dimensional polynomial space) attains its maximum at the extreme points of the convex body.
The Krein–Milman approach thus reduces the complexity of a maximization problem by letting us restrict attention
to the extremal points in the domain of the target function. The authors, in a joint paper with Sarantopoulos [13], have
obtained sharp Bernstein and Markov type inequalities using this idea. The Krein–Milman approach has been used
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1070 G.A. Muñoz-Fernández, J.B. Seoane-Sepúlveda / J. Math. Anal. Appl. 340 (2008) 1069–1087repeatedly in the literature. Konheim and Rivlin, and much earlier, Chernykh and Voronovskaja, can be considered
pioneers of this method.
If Pm,n(R) denotes the 3-dimensional space of polynomials of the form axm + bxn + c with m,n ∈N, m > n and
a, b, c ∈ R, we give a full and detailed description of the geometry of Pm,n(R) endowed with the sup norm on the
unit interval [−1,1] for all m,n ∈ N. The mapping that assigns to each polynomial of the form axm + bxn + c its
coordinates (a, b, c) in the basis {xm,xn,1} of Pm,n(R) is a linear isomorphism that lets us identify Pm,n(R) with R3.
In the following sections we will find an explicit formula for the norm ‖ · ‖m,n defined on R3 by∥∥(a, b, c)∥∥
m,n
:= max
x∈[−1,1]
∣∣axm + bxn + c∣∣,
in terms of a, b, c ∈ R. We will use that formula in order to obtain a parametrization and a sketch of the unit sphere
of (R3,‖ · ‖m,n). In its turn, that parametrization will provide a characterization of the extreme points of the unit ball
of (R3,‖ · ‖m,n). Interestingly we have found out that the geometry of (R3,‖ · ‖m,n) strongly depends on the parity of
m,n ∈ N, obtaining very different situations in each case. For this reason we have divided the study of those spaces
into four sections: Section 2 is devoted to the case where m and n are both odd, in Section 3 we consider the case
where m is odd and n is even, in Section 4 we investigate the case where m is even and n is odd and Section 5 is left
for the case where m and n are both even. Related problems and open questions are proposed in the final section.
This work was motivated by a paper by Aron and Klimek [1], where the authors describe the geometry of the
space (R3,‖ · ‖2,1). Here we go further by considering all the norms ‖ · ‖m,n with m,n ∈N. A characterization of the
extreme polynomials of the unit ball of the space of all real polynomials of degree not greater than n ∈ N endowed
with the sup norm has been obtained by Konheim and Rivlin [12], but the authors do not give an explicit description
of the extreme points. In a similar direction, Choi and Kim [2–4] considered the same problem for scalar-valued
2-homogeneous polynomials on the real spaces 21, 
2
2 and 
2∞ whereas Grecu [7] treated the same question for scalar-
valued 2-homogeneous polynomials on the real spaces 2p with 1 < p < ∞. See also [5–10] for related questions
concerning real or complex homogeneous polynomials of degree 2 or 3. Trigonometric trinomials (real or complex)
have also been studied by Aron and Klimek [1], Neuwirth [14] and Révész [15].
From now on, Sm,n and Bm,n will denote, respectively, the unit sphere and unit ball of the space (R3,‖ · ‖m,n). If C
is a convex body, ext(C) will denote the set of extreme points of C. Also, πab will denote the linear projection given
by πab(a, b, c) = (a, b), for every (a, b, c) ∈ R3. The plots of the unit spheres appearing in this paper were produced
using Maple (see, e.g. [11]). The rest of the graphs were performed using MetaPost. All graphs appearing in this paper
are scaled.
2. The geometry of the space (R3,‖ ·‖m,n) for odd numbers m,n
Lemma 2.1. If m,n ∈ N are such that m > n then the equation
|n + mx| = (m − n)|x| mm−n
has only three roots, one at x = −1, another one at a point λ0 ∈ (− nm,0) and a third one at a point λ1 > 0. In addition
to that we have
|n + mx| < (m − n)|x| mm−n , (1)
if and only if x < λ0 or x > λ1.
Proof. Let f (x) = |n+mx| and g(x) = (m−n)|x| mm−n for every x ∈R. Since the graph of f consists of two straight
lines and g is convex, the graphs of f and g can meet at most at four points. The reader can easily check that
the graph of f is tangent to the graph of g at the point (−1,m − n). It is also easily seen that f (− n
m
) < g(− n
m
)
and f (0) > g(0), which implies, by continuity, that there exists λ0 ∈ (− nm,0) so that f (λ0) = g(λ0). Now, since
limλ→∞[g(λ) − f (λ)] = ∞ and f (0) > g(0), there must be λ1 > 0 so that f (λ1) = g(λ1). Finally, inequality (1)
follows by convexity of g as Fig. 1 shows. 
Remark 2.2. What we really mind about the previous lemma is the value of λ0 for every m,n ∈ N odd with m > n as
the reader will find out in the next result. Some values for λ0 can be obtained using symbolic calculus, for instance it
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Table 1
λ0 m = 3 m = 5 m = 7 m = 9 m = 11
n = 1 −0.25000 −0.13471 −0.09072 −0.06795 −0.05414
n = 3 – −0.52145 −0.34142 −0.25000 −0.19558
n = 5 – – −0.65076 −0.47306 −0.36750
n = 7 – – – −0.72537 −0.56186
n = 9 – – – – −0.77380
can be proved that λ0 = − 14 when m = 3 and n = 1 and that λ0 = 4+
3√10−2 3√100
6 when m = 5 and n = 3. More values
for λ0 can be obtained numerically. The reader can find Table 1 with 15 values for λ0 with an accuracy of 5 decimal
digits.
Theorem 2.3. If m,n ∈N are odd numbers with m > n then∥∥(a, b, c)∥∥
m,n
=
{
(m−n)|a|
n
· | nb
ma
| mm−n + |c| if a = 0 and − 1 < nb
ma
< λ0,
|a + b| + |c| otherwise, (2)
where λ0 is the number in (− nm,0) given by Lemma 2.1.
Remark 2.4. Notice that if m,n ∈N are odd with m > n then∥∥(a, b, c)∥∥
m,n
= ∥∥(a, b,0)∥∥
m,n
+ |c|, (3)
for every a, b, c ∈ R3 as the reader can easily check. This shows in particular that the norm ‖ · ‖m,n is symmetric with
respect to the ab-plane. Throughout this paper we will see that (3) does not hold when any of the exponents, m or n,
is even. However if m and n have different parity then we still have symmetry with respect to some coordinate plane,
namely, the ac-plane (for m even) and the bc-plane (for m odd).
Proof of Theorem 2.3. Take (a, b, c) ∈ R3 and let P(x) = axm + bxn. By the previous remark it suffices to find
a formula for ‖(a, b,0)‖m,n = maxx∈[−1,1] |P(x)|. Since P is symmetric with respect to the origin, it follows that
maxx∈[−1,1] |P(x)| = maxx∈[−1,0] |P(x)|. The latter maximum is attained either at −1 or at the critical points of P
lying in (−1,0) (note that the contribution of |P(0)| to maxx∈[−1,0] |P(x)| is irrelevant). Therefore, looking at the
equation
P ′(x) = a · mxm−1 + b · nxn−1 = xn−1(a · mxm−n + b · n)= 0,
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1
m−n whenever a = 0 and
−1 < nb
ma
< 0. Hence
∥∥(a, b,0)∥∥
m,n
=
{
max{|P(1)|, |P(xm,n)|} if a = 0 and −1 < nbma < 0,
|P(1)| otherwise.
Now the fact that∣∣P(xm,n)∣∣= (m − n)|a|
n
·
∣∣∣∣ nbma
∣∣∣∣ mm−n ,
and |P(1)| = |a + b|, leads to the formula
∥∥(a, b,0)∥∥
m,n
=
{
max{|a + b|, (m−n)|a|
n
· | nb
ma
| mm−n } if a = 0 and −1 < nb
ma
< 0,
|a + b| otherwise.
On the other hand, multiplying the inequality |a + b| < (m−n)|a|
n
· | nb
ma
| mm−n by n|a| we obtain, equivalently, that∣∣∣∣n + m nbma
∣∣∣∣= ∣∣∣∣n + nba
∣∣∣∣< (m − n)∣∣∣∣ nbma
∣∣∣∣ mm−n ,
which is the same as to say that
|n + mx| < (m − n)|x| mm−n ,
where x = nb
ma
. Since −1 < nb
ma
< 0, i.e. −1 < x < 0, then according to Lemma 2.1 it follows that −1 < nb
ma
< λ0 and
hence∥∥(a, b,0)∥∥
m,n
=
{
(m−n)|a|
n
· | nb
ma
| mm−n if a = 0 and −1 < nb
ma
< λ0,
|a + b| otherwise, (4)
which concludes the proof. 
In order to sketch Sm,n and obtain the extreme points of Bm,n with m,n ∈ N (m > n) odd numbers, it is important
to have a parametrization of Sm,n. This parametrization can be constructed by projecting Bm,n onto the ab-plane. To
this end let define Γ (a) = m
(m−n)m−nm n nm
|a| nm and
V =
{
(a, b) ∈ R2: a = 0, −1 nb
ma
 λ0 and |b| Γ (a)
}
,
W1 =
{
(a, b) ∈ R2: b−m
n
a, b λ0
ma
n
and b 1 − a
}
,
W2 =
{
(a, b) ∈ R2: b−m
n
a, b λ0
ma
n
and b−1 − a
}
,
W = W1 ∪ W2.
Figure 2 shows what V and W look like.
Theorem 2.5. For any m,n ∈N odd numbers with m > n we have that πab(Bm,n) = V ∪ W .
Proof. Notice that, according to formula (2), ‖(a, b, c)‖m,n = ‖(a, b,−c)‖m,n for every a, b, c ∈ R. This symmetry
with respect to the ab-plane implies that the projection is the intersection of Bm,n with the ab-plane or, in other words,
the set
πab(Bm,n) =
{
(a, b) ∈ R2: ∥∥(a, b,0)∥∥  1}.m,n
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Notice also that πab(Bm,n) is bounded by the curve defined implicitly by ‖(a, b,0)‖m,n = 1. Using this and the first
part in (4), whenever a = 0 and −1 < nb
ma
< λ0, we have that (m−n)|a|n · | nbma |
m
m−n = 1, and therefore b = ±Γ (a). But a
simple calculation shows that the latter conditions imply that either
b = Γ (a), if − n
n + mλ0 < a < −
n
m − n (5)
or
b = −Γ (a), if n
m − n < a <
n
n + mλ0 . (6)
Notice that the bounds for a in (5) and (6), namely − n
n+mλ0 and − nm−n on the one hand, and nm−n and nn+mλ0 on
the other hand, are obtained by intersecting the straight lines b = −m
n
a and b = mλ0
n
a with the curves b = Γ (a) and
b = −Γ (a) respectively.
Similarly, if ‖(a, b,0)‖m,n = 1 and the conditions a = 0 and −1 < nbma < λ0 do not hold, from the second line in(4) it follows that |a + b| = 1, and hence b = ±1 − a. Now a simple calculation lets us obtain that either
b = −1 − a, if − n
n + mλ0  a 
n
m − n (7)
or
b = 1 − a, if − n
m − n  a 
n
n + mλ0 . (8)
Observe that the bounds for a in (7) and (8), namely − n
n+mλ0 and
n
m−n on the one hand, and − nm−n and nn+mλ0 on
the other hand, are now obtained by intersecting the lines b = −m
n
a and b = mλ0
n
a with the lines b = −1 − a and
b = 1 − a respectively. This completes the boundary of πab(Bm,n) as Fig. 2 shows. 
The following result stated for general real Banach spaces will allow us to give a parametrization of Sm,n and a
characterization of the extreme points of Bm,n with m,n ∈ N (m > n) odd numbers. If X is any normed space, we
shall use the standard notations BX and SX for the unit ball and unit sphere of X.
Lemma 2.6. Let E be a real normed space with norm ‖·‖E and define E˜ = E⊕R as the space of pairs (x,λ) ∈ E×R
endowed with the norm given by ‖(x,λ)‖E˜ = ‖x‖E + |λ|. Then, if f+(x) = 1 − ‖x‖E for x ∈ E and f− = −f+, we
have
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(a) SE˜ = graph(f+|BE ) ∪ graph(f−|BE ).
(b) ext(BE˜) = {(x,0): x ∈ ext(BE)} ∪ {±(0,1)}, where 0 denotes the null element in E.
Proof. We spare the reader the details of the easy proof of part (a). As far as part (b) is concerned, notice that the
functions f+ and f− are affine on half-lines radiating from the origin in E. Hence, all the extreme points of BE˜
are necessarily in the places where the graphs of those functions meet, namely in the set {(x,0): x ∈ SE} or where
they form a vertex, i.e. at ±(0,1). The reader can check easily that if x /∈ ext(BE) then (x,0) /∈ ext(BE˜). Hence
there remains to prove only that the points p in {(x,0): x ∈ ext(BE)} ∪ {±(0,1)} are extremal in BE˜ . If p = ±(0,1)
then p is extreme since the hyperplane P ⊆ E˜ given by P = {(x,±1): x ∈ E} satisfies P ∩ BE˜ = {p}. Indeed,
if q = (xq,±1) ∈ P ∩ BE˜ then 1  ‖(xq,±1)‖E˜ = ‖xq‖E + 1, thus xq = 0 and q = p. Finally if p = (x,0) with
x ∈ ext(BE) then it suffices to apply the definition of extreme point to show that p ∈ ext(BE˜). 
The following result is a consequence of the previous lemma and formula (4).
Theorem 2.7. Let m,n ∈ N be odd with m > n. If for every (a, b) ∈ R2 we define f+(a, b) = 1 − ‖(a, b,0)‖m,n and
f− = −f+, then
(a) Sm,n = graph(f+|V ) ∪ graph(f−|W).
(b) ext(Bm,n) = {±(t,− m
(m−n)m−nm n nm
t
n
m ,0): n
m−n  t 
n
n+mλ0 } ∪ {±(0,0,1)}.
Notice that from formula (4) we have
f+(a, b) =
{
1 − (m−n)|a|
n
· | nb
ma
| mm−n if a = 0 and −1 < nb
ma
< λ0,
1 − |a + b| otherwise.
Proof. Consider the space E =R2 endowed with the norm defined by ‖(a, b)‖ = ‖(a, b,0)‖m,n for every (a, b) ∈R2.
Then BE = πab(Bm,n) and ext(BE) = {±(t,−Γ (t)): nm−n  t  nn+mλ0 }. A rough look at Fig. 2 helps tremen-
dously to understand the latter. On the other hand it has been already observed in Remark 2.4 that ‖(a, b, c)‖m,n =
‖(a, b,0)‖m,n + |c| for every (a, b, c) ∈R3. This lets us apply Lemma 2.6 to the space E and the result follows. 
Figure 3 shows what S3,1 looks like. In the general case, Sm,n with m,n ∈N odd numbers and m > n has a similar
shape.
3. The geometry of the space (R3,‖ ·‖m,n) with m odd and n even
In this section we study the geometry of R3 endowed with the norm ‖ · ‖m,n, with m odd and n even. The following
technical lemma simplifies considerably that task.
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P(x) = axm + bxn + c, the maximum maxx∈[−1,1]|P(x)| is attained at x ∈ {−1,0,1}.
Proof. Notice that the maximum maxx∈[−1,1]|P(x)| is attained either at the end points of [−1,1], i.e., ±1, or at the
critical points of P in (−1,1). If a = 0 or b = 0 then P has, at most, only one critical point at 0 and the proof would
be completed. Otherwise a = 0, b = 0 and n = 0. Furthermore we can assume that a > 0 and b > 0 by considering
±P(±x) and an appropriate choice of signs. In this case P has exactly two critical points, one at 0 and the other
one at xm,n = −( nbma )
1
m−n < 0. Notice that P (k)(0) = 0 for 1  k < n, where P (k) denotes the kth derivative of P ,
P (n)(0) = n!b > 0 and n is even. Hence P has a local minimum at 0. Since P has no critical points between xm,n
and 0, it follows that P(xm,n) > P (0). If xm,n −1 the proof is done, so let us assume that xm,n ∈ (−1,0). Since P
is strictly increasing in (0,∞) and −xm,n ∈ (0,1), we have
P(1) > P (−xm,n) = P(xm,n) + 2a|xm,n|m > P(xm,n).
Then P(0) < P (xm,n) < P (1) and hence |P(xm,n)| < max{|P(0)|, |P(1)|}, which concludes the proof. 
From the previous lemma, we obtain the following theorem.
Theorem 3.2. Let m,n ∈N with m odd, n even and m > n. Then for every (a, b, c) ∈ R3 we have∥∥(a, b, c)∥∥
m,n
= max{|c|, |a| + |b + c|},
that is∥∥(a, b, c)∥∥
m,n
=
{ |c| if c = 0 and | b
c
+ 1| 1 − | a
c
|,
|a| + |b + c| otherwise. (9)
Next, let
U = {(a, b) ∈R2: |a| + |b + 1| 1},
V = {(a, b) ∈R2: |b| |a| 1}, and
W = {(a, b) ∈R2: |a| + |b − 1| 1}.
Figure 4 pictures what U , V and W look like. The following result shows the relation between πab(Bm,n), U , V
and W . Its proof follows the spirit of that from [1, Lemma 2.1].
Theorem 3.3. Let m,n ∈N with m odd, n even and m > n. Then πab(Bm,n) = U ∪ V ∪ W .
Proof. Since U ∪V ∪W is convex it suffices to prove that the boundary points of U ∪V ∪W belong to the boundary
of πab(Bm,n). In order to do this notice that (a, b) is in the boundary of πab(Bm,n) if there exists a unique c such that
(a, b, c) ∈ Bm,n. Indeed, if (a, b) is an interior point of πab(Bm,n) then (a, b) ∈ πab(
◦
Bm,n) and hence there exists a c0
so that (a, b, c0) ∈
◦
Bm,n. This implies that there exists  > 0 with (a, b, c) ∈
◦
Bm,n for |c− c0| <  from which it follows
that there are infinitely many c’s so that πab(a, b, c) = (a, b).
We will prove that for every (a, b) in the boundary of U ∪V ∪W there exists only one c such that (a, b, c) ∈ Bm,n.
By symmetry we can assume that a and b are positive. If b 1 and a = 1, then the second part of formula (9) applies
and we obtain c = −b. Let us suppose now that a  1 and b = −a + 2. If we assumed that ‖(a, b, c)‖m,n = 1 and that
the second part of formula (9) held, then there would be two possibilities for c, namely: c = −1 and c = 2a − 3. But,
in this case, both inequalities from the first part of formula (9) are verified. Thus, we should look for a suitable c using
the first part of formula (9). In this case we have that, since we assumed that ‖(a, b, c)‖m,n = 1, it would be c = ±1,
again two possibilities. A simple calculation shows that only c = −1 holds. 
After the previous result we are now ready to give a parametrization of Sm,n the extreme points of Bm,n.
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Theorem 3.4. If for every m,n ∈N (m > n) with m odd and n even and every (a, b) ∈R2 we define
f+(a, b) = 1 − |a| − b, f−(a, b) = −f+(a,−b) = −1 + |a| − b,
g+(a, b) = 1, g−(a, b) = −g+(a, b) = −1,
then
(a) Sm,n = graph(g+|U) ∪ graph(g−|W) ∪ graph(f+|V∪W) ∪ graph(f−|U∪V ).
(b) ext(Bm,n) = {±(0,2,−1),±(1,1,−1),±(−1,1,−1),±(0,0,−1)}.
Proof. The first part of the theorem follows, directly, from the previous lemma and from formula (9). To identify
all the extreme points of Sm,n let us notice that the functions f+, f−, g+, and g− are essentially affine or constants.
Therefore, Sm,n is a polytope and, as in every polytope, its extreme points will be located at its vertices. A simple
calculation will determine that the extreme points are the ones mentioned above. 
Figure 5 represents the unit sphere of (R3,‖ · ‖m,n) with m,n ∈ N being m odd, n even and m > n.
Remark 3.5. It might be thought that the case where m is even and n odd is of the same nature as the case covered
in this section. This is far from being true since Lemma 3.1 does not hold when m is even and n odd. Indeed, the
polynomial P(x) = x2 − μx − 1 with μ = 0 and |μ| < 2 attains its norm at x = μ2 , and
‖P ‖ =
∣∣∣∣P(μ2
)∣∣∣∣= 1 + μ24 > max{1, |μ|}= max{∣∣P(−1)∣∣, ∣∣P(0)∣∣, ∣∣P(1)∣∣}.
According to this, the study of this situation deserves a section of its own.
4. The geometry of the space (R3,‖ ·‖m,n) with m even and n odd
The results presented in this section extend to any pair of natural numbers m and n with m even, n odd and m > n
the results obtained by Aron and Klimek in [1] for m = 2 and n = 1. Interestingly the proofs of Aron and Klimek can
be adapted with little changes in order to describe Bm,n. The reader can check the many similarities between Aron and
Klimek’s proofs and our proofs, which we give in the following for completeness. We begin by obtaining a formula
for ‖ · ‖m,n.
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Theorem 4.1. If m,n ∈N are such that m is even, n is odd and m > n, defining Im,n as the set of triples (a, b, c) ∈R3
such that
a = 0,
∣∣∣∣ nbma
∣∣∣∣< 1 and 1 + ca < 12
[
m − n
n
(
nb
ma
) m
m−n −
∣∣∣∣ba
∣∣∣∣+ 1],
we have∥∥(a, b, c)∥∥
m,n
=
{ | (m−n)a
n
· ( nb
ma
)
m
m−n − c|, if (a, b, c) ∈ Im,n,
|a + c| + |b|, otherwise. (10)
Proof. Let P(x) = axm + bxn + c. If a = 0 or b = 0 then (10) follows immediately. Suppose now that a = 0 and
b = 0. By symmetry of ‖ · ‖m,n we can also assume that a > 0. Then the norm of P on the interval [−1,1] will be
attained either at the end points ±1 or at the local extrema of P in [−1,1], which are among the roots of the equation
P ′(x) = a · mxm−1 + b · nxn−1 = xn−1(a · mxm−n + b · n)= 0.
Notice that P (k)(0) = 0 for 1 k < n, where P (k) denotes the kth derivative of P , P (n)(0) = n!b = 0 and n is odd.
Hence, P does not have a local maximum or minimum at zero. On the other hand the other critical point of P is
xm,n = (− nbma )
1
m−n and this time P does have a local extreme there. Actually since a > 0 a moment’s thought reveals
that xm,n is in fact a local minimum for P . If xm,n ∈ (−1,1), or equivalently |xm,n| < 1, and P(xm,n) 0, then it is
obvious that max{|P(−1)|, |P(1)|} |P(xm,n)|. Hence it follows that
‖P ‖ =
{
max{|P(−1)|, |P(1)|, |P(xm,n)|}, if |xm,n| < 1 and P(xm,n) < 0,
max{|P(−1)|, |P(1)|}, otherwise.
Furthermore
P(xm,n) = c − (m − n)a
n
(
nb
ma
) m
m−n
and max
{∣∣P(−1)∣∣, ∣∣P(1)∣∣}= |a + c| + |b|.
There remains to find a condition that characterizes the following inequality
max
{∣∣P(−1)∣∣, ∣∣P(1)∣∣}< ∣∣P(xm,n)∣∣= −P(xm,n),
which is the same as to say that
|a + c| + |b| < (m − n)a ·
(
nb
) m
m−n − c.
n ma
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a
− | b
a
| + 1 on both sides we arrive at
1 + c
a
+
∣∣∣∣1 + ca
∣∣∣∣< m − nn
(
nb
ma
) m
m−n −
∣∣∣∣ba
∣∣∣∣+ 1. (11)
Now since
m − n
n
(
nb
ma
) m
m−n −
∣∣∣∣ba
∣∣∣∣+ 1 = m − nn
(∣∣∣∣ nbma
∣∣∣∣) mm−n − mn
∣∣∣∣ nbma
∣∣∣∣+ 1,
and the mapping f (x) = m−n
n
x
m
m−n − m
n
x + 1 can be easily proved to be positive in the interval [0,1], the right-hand
side of (11) is nonnegative. Hence (11) amounts to
1 + c
a
<
1
2
[
m − n
n
(
nb
ma
) m
m−n −
∣∣∣∣ba
∣∣∣∣+ 1],
which concludes the proof. 
Remark 4.2. Notice that if n ∈ N is odd and we set m = 2n in (10), then∥∥(a, b, c)∥∥2n,n = { | b24a − c|, if a = 0, | b2a | < 1 and ca + 1 < 12 (| b2a | − 1)2,|a + c| + |b|, otherwise. (12)
This formula was already obtained by Aron and Klimek [1] when n = 1 and follows immediately from their result
since the norms ‖ · ‖2n,n with n ∈ N odd and ‖ · ‖2,1 coincide. Indeed, if n ∈ N is odd and (a, b, c) ∈ R3, since xn
maps the interval [−1,1] to itself in a bijective manner, we obtain that∥∥(a, b, c)∥∥2n,n = maxx∈[−1,1]∣∣ax2n + bxn + c∣∣= maxx∈[−1,1]∣∣ax2 + bx + c∣∣= ∥∥(a, b, c)∥∥2,1.
In order to sketch Sm,n and obtain the extreme points of Bm,n, it is important to have a parametrization of Sm,n. This
parametrization can be constructed by projecting Bm,n onto the ab-plane. To this purpose we will require a technical
lemma whose proof, a direct application of the Implicit Function Theorem, is left to the reader.
Lemma 4.3. Let m,n ∈ N with m > n. Then the equation
(m − n)a
n
(∣∣∣∣ nbma
∣∣∣∣) mm−n = 2 − a − b (13)
defines implicitly a unique differentiable curve b = Γm,n(a) defined on (0,∞) such that Γm,n(2) = 0 and
Γm,n(n/m) = 1.
Remark 4.4. In general Γm,n cannot be obtained explicitly. Even for some of the simplest choices of m and n, the
authors could not get a reasonable short formula for Γm,n. However, the reader can check that whenever n is odd then
Γ2n,n(a) = 2(
√
2a − a).
Now let
Um,n =
{
(a, b) ∈ R2: a < 0 and |b|min
{
m|a|
n
,Γm,n
(|a|)}},
Vm,n =
{
(a, b) ∈
[
− n
m
,
n
m
]
× [−1,1]: |b| m|a|
n
}
,
Wm,n =
{
(a, b) ∈R2: a > 0 and |b|min
{
m|a|
n
,Γm,n
(|a|)}}.
Figure 6 shows what U2n,n, V2n,n and W2n,n look like whenever n ∈ N is odd. It turns out that Um,n ∪Vm,n ∪Wm,n
is the projection of Bm,n onto the ab-plane.
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Theorem 4.5. If m,n ∈N are such that m is even, n is odd and m > n, then πab(Bm,n) = Um,n ∪ Vm,n ∪ Wm,n.
Proof. We will proceed as in the proof of Theorem 3.3 proving that for every (a, b) in the boundary of Um,n ∪
Vm,n ∪Wm,n there exists only one c such that (a, b, c) ∈ Bm,n. We will assume, without loss of generality, that both a
and b are positive. If a  n
m
and b = 1 then we have that the second part of formula (10) applies, since nb
ma
 1. Thus,
we have that |a + c| + 1 = 1, obtaining c = −a as unique solution. Next, let us consider a > n
m
and b = Γm,n(a). If
we assumed that ‖(a, b, c)‖m,n = 1 and that the first part of (10) applies, then we would obtain two candidates for c,
namely
c = (m − n)a
n
·
(
nb
ma
) m
m−n ± 1.
Keeping in mind that b = Γm,n(a), i.e. b verifies that
(m − n)a
n
(
nb
ma
) m
m−n = 2 − a − b
and performing some calculations, it can be shown that the second strict inequality of Theorem 4.1 does not hold for
these values of c. Thus, we have to search for c with the help of the second part of formula (10). Since we assumed
that b < m
n
a, we must have that
a + c
a
= 1 + c
a
 1
2
[
m − n
n
(
nb
ma
) m
m−n − b
a
+ 1
]
= 1 − b
a
> 0,
and, then a + c > 0. Thus, we have that
1 = |a + c| + |b| = a + b + c,
which amounts to c = 1 − a − b = (m−n)a
n
( nb
ma
)
m
m−n − 1, obtaining the unique value for c, and we are done. 
We are now in a position to give a parametrization of Sm,n and a characterization of the extreme points of Bm,n.
Theorem 4.6. Let m,n ∈N be such that m is even, n is odd and m > n. If for every (a, b) ∈R2 we define
f+(a, b) = 1 − a − |b|, f−(a, b) = −f+(−a, b),
and for every (a, b) ∈R2 with a = 0 we define
g+(a, b) = (m − n)a
n
·
(
nb
ma
) m
m−n − 1, g−(a, b) = −g+(−a, b),
then
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(b) The extreme points of Bm,n are
±(0,0,1) and ± (t,±Γm,n(t),1 − t − Γm,n(t)),
where t ∈ [n/m,2].
Proof. Part (a) is a direct consequence of Theorems 4.1 and 4.5. As far as part (b) is concerned, notice that the
functions f+, f−, g+ and g− are affine on half-lines radiating from the origin in the ab-plane. Hence, all the extreme
points of Bm,n are necessarily either (0,0, f+(0,0)) = (0,0,1) or (0,0, f−(0,0)) = (0,0,−1) or the points where
the graphs of f+|Wm,n∪Vm,n , f−|Um,n∪Vm,n , g+|Wm,n and g−|Um,n meet along a nonaffine curve. In order to find the
intersection of the graphs of those mappings, notice that by symmetry we can assume that a  0 and b 0. From now
on in this proof we will assume that restriction in all graphs without mentioning it explicitly. Notice that on that region
only f+|Wm,n∪Vm,n , f−|Um,n∪Vm,n and g+|Wm,n are defined. The reader can show easily that graph(f+|Wm,n∪Vm,n) ∩
graph(f−|Um,n∪Vm,n) is the segment {(a,1,−a) ∈ R3: a ∈ [0, nm ]}. It is also easy to prove that graph(f−|Um,n∪Vm,n) ∩
graph(g+|Wm,n∪Vm,n) is the segment {(a, nma,−1 − m−nm a) ∈R3: a ∈ (0, nm ]}. Finally notice that
graph(f+|Wm,n∪Vm,n) ∩ graph(g+|Wm,n) = graph(f+) ∩ graph(g+) ∩ Wm,n
and that the equation f+ = g+ is equivalent to (13). Hence it follows that graph(f+|Wm,n∪Vm,n) and graph(g+|Wm,n)
meet along the nonaffine curve(
t,Γm,n(t), f+
(
t,Γm,n(t)
))= (t,Γm,n(t),1 − t − Γm,n(t)),
where t ∈ [n/m,2]. Notice that the lower bound for t in the previous curve, i.e. n/m, comes from the fact that
Γm,n(n/m) = 1. Hence, the only candidates besides ±(0,0,1) to be extreme points are the elements of the set
{±(t,±Γm,n(t),1 − t − Γm,n(t)): t ∈ [n/m,2]}. To prove that each of those points p is indeed extreme, it is enough
to define a plane Π ⊆ R3 such that Π ∩ Sm,n = {p}. If p = ±(0,0,1) we define Π by the equation c = −a/2 ± 1.
For the points in the curves ±(t,±Γm,n(t),1 − t − Γm,n(t)) with t ∈ [n/m,2] we consider the following cases.
If t = 2, since Γm,n(2) = 0 (see Lemma 4.3), we obtain the points p = ±(2,0,−1), and in this case we can take Π
given by a = ±2.
If t ∈ (n/m,2), by symmetry we can restrict attention to the points p in the first octant. If we put
p = (t,Γm,n(t),1 − t − Γm,n(t)),
then we can take Π defined by the equation b = Γ ′m,n(t)(a − t) + Γm,n(t). Actually, the plane Π so defined is the
unique plane verifying Π ∩ Bm,n = {p}, proving that p is also a smooth point.
Finally if t = n/m, taking into consideration that Γm,n(n/m) = 1 (see Lemma 4.3), there remains to prove that the
four points ±(n/m,±1,−n/m) are extreme. In order to prove this we can follow word by word the last paragraph of
the proof of [1, Proposition 2.2], but substituting 1/2 by n/m. 
Having in mind that Γ2n,n with n ∈ N odd can be obtained explicitly (see Remark 4.4), from the previous result we
derive the following:
Corollary 4.7. Let n ∈ N be odd. If for every (a, b) ∈ R2 we define
f+(a, b) = 1 − |b| − a, f−(a, b) = −f+(−a, b),
and for every (a, b) ∈R2 with a = 0 we define
g+(a, b) = b
2
4a
− 1, g−(a, b) = −g+(−a, b),
then
(a) S2n,n = graph(f+|V ∪W ) ∪ graph(f−|U ∪V ) ∪ graph(g+|W ) ∪ graph(g−|U ).2n,n 2n,n 2n,n 2n,n 2n,n 2n,n
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(b) The extreme points of B2n,n are
±(0,0,1) and ± (t,±2(√2t − t),1 + t − 2√2t),
where t ∈ [1/2,2].
Figure 7 shows what S2n,n looks like with n ∈N odd.
Remark 4.8. Theorems 4.5 and 4.6 have been already proved by Aron and Klimek [1] for the case m = 2 and
n = 1. Corollary 4.7 also follows from Aron and Klimek’s results straightforwardly having in mind that the spaces
(R3,‖ · ‖2n,n) with n ∈N odd and (R3,‖ · ‖2,1) are the same.
5. The geometry of the space (R3,‖ ·‖m,n) with m,n even
A moment’s thought reveals that the lack of symmetries with respect to any of the coordinate planes a = 0, b = 0
and c = 0, conveys a higher complexity in this case. However it is still possible to accomplish the goals fulfilled in the
previous sections. We begin by giving a formula for ‖ · ‖m,n.
Theorem 5.1. For every m,n ∈ N with m and n even and m > n, let us define Jm,n as the set of triples (a, b, c) ∈ R3
such that
a = 0, 0 < − nb
ma
< 1 and
1
2
[
1 + b
a
+
∣∣∣∣1 + ba
∣∣∣∣]+ 2ca < m − nn
(∣∣∣∣ nbma
∣∣∣∣) mm−n .
Then we have∥∥(a, b, c)∥∥
m,n
=
{
| (m−n)a
n
(| nb
ma
|) mm−n − c|, if (a, b, c) ∈ Jm,n,
| a+b2 + c| + | a+b2 |, otherwise.
(14)
Proof. Let P(x) = axm + bxn + c. If a = 0 or b = 0 then (14) follows immediately. Suppose now that a = 0 and
b = 0. By central symmetry of ‖·‖m,n we can also assume that a > 0. Since P(−x) = P(x) we can restrict the domain
of P to the interval [0,1]. Then the norm of P on [0,1] will be attained either at the end points 0 and 1 or among
the critical points of P in [0,1], which are 0 (already considered) and xm,n = (− nbma )
1
m−n whenever 0 < − nb
ma
< 1. It
is easy to see that xm,n is in fact a local minimum for P and 0 is a local maximum. If xm,n ∈ (0,1) and P(xm,n) 0,
then it is obvious that max{|P(0)|, |P(1)|} |P(xm,n)|. Hence it follows that
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{
max{|P(0)|, |P(1)|, |P(xm,n)|}, if 0 < xm,n < 1 and P(xm,n) < 0,
max{|P(0)|, |P(1)|}, otherwise.
Furthermore
P(xm,n) = c − (m − n)a
n
(∣∣∣∣ nbma
∣∣∣∣) mm−n
and
max
{∣∣P(0)∣∣, ∣∣P(1)∣∣}= max{|c|, |a + b + c|}= ∣∣∣∣a + b2 + c
∣∣∣∣+ ∣∣∣∣a + b2
∣∣∣∣.
There remains to find a condition that characterizes the inequality
max
{∣∣P(0)∣∣, ∣∣P(1)∣∣}< ∣∣P(xm,n)∣∣= −P(xm,n),
which is the same as to say that∣∣∣∣a + b2 + c
∣∣∣∣+ ∣∣∣∣a + b2
∣∣∣∣< (m − n)an ·
(∣∣∣∣ nbma
∣∣∣∣) mm−n − c.
Multiplying the previous inequality by 2
a
and adding 1 + b
a
+ 2c
a
to both terms we arrive at
1 + b
a
+ 2c
a
+
∣∣∣∣1 + ba + 2ca
∣∣∣∣< 2m − nn
(∣∣∣∣ nbma
∣∣∣∣) mm−n + 1 + ba −
∣∣∣∣1 + ba
∣∣∣∣. (15)
Now notice that the right-hand side of (15) is nonnegative since it is{
2[m−n
n
(| nb
ma
|) mm−n − m
n
| nb
ma
| + 1], if 1 + b
a
< 0,
2m−n
n
(| nb
ma
|) mm−n , if 1 + b
a
 0,
and the mapping f (x) = m−n
n
x
m
m−n − m
n
x + 1 is positive in the interval (0,1). Therefore (15) amounts to
1
2
[
1 + b
a
+
∣∣∣∣1 + ba
∣∣∣∣]+ 2ca < m − nn
(∣∣∣∣ nbma
∣∣∣∣) mm−n ,
which concludes the proof. 
Next, we need to define two curves in order to continue our description process. These curves will form part of the
projection of our unit sphere on the ab-plane. For every a ∈R\{0} let define
Υm,n(a) =
(
2m
m − n
)m−n
m ·
( |a|m
n
) n
m
and
Λm,n(a) = −Γm,n
(|a|),
where b = Γm,n(a) for every a ∈ (0,∞) is the curve defined in Lemma 4.3. Notice that according to Lemma 4.3, b =
Λm,n(a) for every a ∈ (−∞,0) is the unique differentiable curve passing through (−2,0) (and hence Λm,n(−2) = 0),
satisfying the equation
(m − n)a
n
(∣∣∣∣ nbma
∣∣∣∣) mm−n = −2 − a − b. (16)
Remark 5.2. Although Λm,n(a) cannot be given explicitly, in the case m = 2n with n ∈ N even it can be seen that
both curves Υm,n(a) and Λm,n(a) have an explicit formula, namely
Υ2n,n(a) = 2
√
2|a| and Λ2n,n(a) = 2
(|a| −√2|a| ).
G.A. Muñoz-Fernández, J.B. Seoane-Sepúlveda / J. Math. Anal. Appl. 340 (2008) 1069–1087 1083One technical lemma, whose easy proof is left to the reader, will be required to understand the rest of the section.
Lemma 5.3. Let m,n ∈ N be even and verifying m > n. Then we have
(a) The curves b = Υm,n(a) and b = Λm,n(a) with a ∈ (−∞,0) meet just at one point (γ0,−γ0) such that
γ0 = − 2
m − n ·
(
mm
nn
) 1
m−n
< −2.
For instance, if m = 2n, then γ0 = −8.
(b) The curves b = Υm,n(a) and b = 2 − a with a ∈ (−∞,0) meet just at the point (γ1, υ1) = ( −2nm−n , 2mm−n ). In
particular, if m = 2n, then (γ1, υ1) = (−2,4). Note also that γ0 < γ1 < 0.
Now, let
Um,n =
{
(a, b) ∈ R2: a ∈ [γ0,0),max
{
0,Λm,n(a)
}
 bmin
{−m
n
a,Υm,n(a)
}}
,
Wm,n =
{
(a, b) ∈R2: a ∈ (0,−γ0],−max
{
0,Λm,n(a)
}
 b−min
{−m
n
a,Υm,n(a)
}}
,
V 1m,n =
{
(a, b) ∈R2: a ∈ [γ1,2],max
{
0,
−m
n
a
}
 b 2 − a
}
,
V 2m,n =
{
(a, b) ∈R2: a ∈ [γ1,2],−2 − a  bmin
{
0,
−m
n
a
}}
,
Vm,n = V 1m,n ∪ V 2m,n.
Figure 8 shows what U2n,n, V2n,n and W2n,n with n ∈ N even look like.
Some very similar calculations to those performed in Theorems 4.5 and 4.6 will show the following results, where
we describe the geometry of Bm,n.
Theorem 5.4. If m > n are even then πab(Bm,n) = Um,n ∪ Vm,n ∪ Wm,n.
Fig. 8. πab(B2n,n) with n ∈N even. In the picture we have Υ2n,n(a) = 2
√
2|a| and Λ2n,n(a) = 2(|a| −
√
2|a| ).
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can restrict our attention to the following three cases:
(a) The points (a, b) with b = 2 − a and a ∈ [γ1,2].
(b) The points (a, b) with b = Υm,n(a) and a ∈ [γ0, γ1).
(c) The points (a, b) with b = Λm,n(a) and a ∈ (γ0,−2).
Now let (a, b) as in (a), (b) or (c) and c ∈ R satisfying the equation ‖(a, b, c)‖m,n = 1. We want to prove that c is
unique in the three cases and for that purpose we argue as follows.
First of all, let us suppose that (a, b) is as in (a). Then it can be easily seen that, if a < 0, then − nb
ma
 1 which
implies that (a, b, c) /∈ Jm,n. If a = 0 then we also have that (0, b, c) /∈ Jm,n and hence, whenever a  0 we have that
1 = ∥∥(a, b, c)∥∥
m,n
=
∣∣∣∣a + b2 + c
∣∣∣∣+ ∣∣∣∣a + b2
∣∣∣∣.
From the previous equation and taking into account that in this case a+b = 2 > 0, we obtain that c = −1. On the other
hand, if a > 0 one has that − nb
ma
< 1. Suppose that the first part of formula (14) holds and since ‖(a, b, c)‖m,n = 1,
then we would obtain that
c = ±1 + (m − n)a
n
(
nb
ma
) m
m−n
.
Since both a and b are nonnegative, and b = 2 − a, the third defining condition of Jm,n becomes
2
a
· (1 + c) < m − n
n
(
nb
ma
) m
m−n
.
Now it is easy to check that the previous inequality is not satisfied for any of the two values of c obtained above.
Thus (a, b, c) /∈ Jm,n and we need to look at the second part of formula (14) to find the values of c satisfying
‖(a, b, c)‖m,n = 1. As we did above in this proof, c is unique and equals −1.
If (a, b) is as in (b), the reader should check first that 0 < − nb
ma
< 1. If we had (a, b, c) ∈ Jm,n, then from
‖(a, b, c)‖m,n = 1 and the first part of formula (14) one would find that c = (m−n)an (| nbma |)
m
m−n ± 1 = −2 ± 1. However
for any of these two choices of c one can check easily that (a, b, c) /∈ Jm,n since the third defining condition of Jm,n
is not fulfilled by (a, b, c). Hence, we need to use the second part of (14) to find c. Taking into consideration that in
this case a + b  0, as the reader can easily check, we obtain that c = −1 or c = 1 − a − b. But the second choice
for c leads us to a contradiction since in that case the third defining condition of Jm,n would be satisfied, and hence
(a, b, c) ∈ Jm,n.
To finish, if (a, b) is as in (c), the reader should check first that 0 < − nb
ma
< 1. If we had that (a, b, c) /∈ Jm,n, then
using the second line of (14) in the equation ‖(a, b, c)‖m,n = 1 we would obtain that c = 1 or c = −1 − a − b. Notice
that to deduce the latter we have used that now a + b < 0. However for any of these two choices of c it can be seen
that (a, b, c) ∈ Jm,n, contradicting our assumption. Therefore we have to apply the first line of (14) in the equation
‖(a, b, c)‖m,n = 1 which, together with Eq. (16), gives c = −1−a−b or c = −3−a−b. Since for the second choice
for c we have that (a, b, c) does not satisfy the third defining condition of Jm,n, we conclude that c = −1−a−b. 
Theorem 5.5. Let m,n ∈N be even with m > n. If for every (a, b) ∈R2 we define
f+(a, b) = 1 −
∣∣∣∣a + b2
∣∣∣∣− a + b2 , f−(a, b) = −f+(−a,−b),
and for every (a, b) ∈R2 with a = 0 we define
g+(a, b) = (m − n)a
n
(∣∣∣∣ nbma
∣∣∣∣) mm−n − 1, g−(a, b) = −g+(−a,−b),
then
(a) Sm,n = graph(f+|Wm,n∪Vm,n) ∪ graph(f−|Um,n∪Vm,n) ∪ graph(g+|Wm,n) ∪ graph(g−|Um,n).
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±(0,0,1), ±(s,Λm,n(s),−1 − s − Λm,n(s)) and ± (t,−Υm,n(t),1)
where s ∈ [γ0,−2] and t ∈ [−γ1,−γ0].
Proof. Part (a) is a direct consequence of Theorems 5.1 and 5.4. As far as part (b) is concerned, since f−, f+, g−
and g+ are affine on half-lines radiating from the origin, the only candidates to be extreme points are the points
(0,0, f+(0,0)) = (0,0,1), (0,0, f−(0,0)) = (0,0,−1) or the points where the graphs of f+|Wm,n∪Vm,n , f−|Um,n∪Vm,n ,
g+|Wm,n and g−|Um,n meet along a nonaffine line. In order to find the intersection of the graphs of those mappings, no-
tice that by symmetry we can suppose that a+b 0 and from now on in this proof we will assume that restriction in all
graphs without mentioning it explicitly. The reader can check easily that graph(f+|Wm,n∪Vm,n) ∩ graph(f−|Um,n∪Vm,n)
is just the segment {(a,−2 − a,1) ∈ R3: a ∈ [γ1,2]}. It is also easy to prove that graph(f+|Wm,n∪Vm,n) ∩
graph(g−|Um,n) is the segment {(a,0,1) ∈ R3: a ∈ [γ1,0)}. Similarly, graph(f−|Um,n∪Vm,n) ∩ graph(g+|Wm,n) is the
segment {(a,−m
n
a,−1 + m−n
n
a) ∈ R3: a ∈ (0,2]} and the graphs of g+|Wm,n and g−|Um,n do not meet. Therefore all
other possible extreme points in Bm,n have to be found in
graph(f+|Wm,n∪Vm,n) ∩ graph(g+|Wm,n) = graph(f+) ∩ graph(g+) ∩ Wm,n,
or
graph(f−|Um,n∪Vm,n) ∩ graph(g−|Um,n) = graph(f−) ∩ graph(g−) ∩ Um,n.
As for the first case, note that from the equation f+ = g+ and the fact that in Wm,n the coordinate b is always negative,
we deduce that b = −Υm,n(a) with a ∈ [−γ1,−γ0]. This shows that graph(f+|Wm,n∪Vm,n) and graph(g+|Wm,n) meet
along the nonaffine curve(
t,−Υm,n(t), f+
(
t,−Υm,n(t)
))= (t,−Υm,n(t),1),
where t ∈ [−γ1,−γ0]. Finally, notice that the equation f− = g− is equivalent to (16), proving that graph(f−|Um,n∪Vm,n)
and graph(g−|Um,n) meet along the nonaffine curve(
s,Λm,n(s), f−
(
s,Λm,n(s)
))= (s,Λm,n(s),−1 − s − Λm,n(s)),
where s ∈ [γ0,−2].
Now, for each of those cadidate points p it is easy to construct a plane Π ⊆ R3 such that Π ∩ Bm,n = {p} right as
we did in the proof of part (b) in Theorem 4.6. We conclude the proof by leaving this as an exercise to the reader. 
Taking into account that Υ2n,n, Λ2n,n, γ0 and γ1 with n ∈ N even can be obtained explicitly (see Remark 5.2), from
the previous result we derive the following corollary.
Corollary 5.6. Let n ∈ N be even. If for every (a, b) ∈R2 we define
f+(a, b) = 1 −
∣∣∣∣a + b2
∣∣∣∣− a + b2 , f−(a, b) = −f+(−a,−b) = −1 +
∣∣∣∣a + b2
∣∣∣∣− a + b2 ,
and for every (a, b) ∈R2 with a = 0 we define
g+(a, b) = b
2
4a
− 1, g−(a, b) = −g+(−a,−b) = b
2
4a
+ 1,
then
(a) S2n,n = graph(f+|W2n,n∪V2n,n ) ∪ graph(f−|U2n,n∪V2n,n) ∪ graph(g+|W2n,n) ∪ graph(g−|U2n,n).
(b) The extreme points of B2n,n are
±(0,0,1), ±(t,2(√2t − t),1 + t − 2√2t ) and ± (t,−2√2t,1)
where t ∈ [2,8].
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With the aid of the previous parametrization we sketch S2n,n with n ∈N even in Fig. 9.
There is another way to characterize the extreme points of B2n,n with n ∈ N even using the fact that the spaces
(R3,‖ · ‖2m,m) with m ∈N odd are isometric to the spaces (R3,‖ · ‖2n,n) with n ∈N even. This is not straightforward
and requires a detailed proof. Actually it suffices to show that (R3,‖ · ‖2,1) and (R3,‖ · ‖4,2) are isometric.
Theorem 5.7. Let T : (R3,‖ · ‖2,1) → (R3,‖ · ‖4,2) be defined by
T (a, b, c) = (4a,−4a + 2b, a − b + c),
for every (a, b, c) ∈R3. Then T is an isometric isomorphism.
Proof. Since x2 maps the interval [−1,1] onto [0,1] then∥∥(a, b, c)∥∥4,2 = sup{∣∣a(x2)2 + bx2 + c∣∣: x ∈ [−1,1]}= sup{∣∣at2 + bt + c∣∣: t ∈ [0,1]},
and since t → t+12 maps [−1,1] into [0,1] in a bijective fashion, we can say that∥∥(a, b, c)∥∥4,2 = sup{∣∣at2 + bt + c∣∣: t ∈ [0,1]}
= sup
{
a
(
t + 1
2
)2
+ b
(
t + 1
2
)
+ c: t ∈ [−1,1]
}
=
∥∥∥∥(a4 , a + b2 , a + 2b + 4c4
)∥∥∥∥
2,1
. (17)
In order to conclude the proof notice that the mapping
R
3  (a, b, c) →
(
a
4
,
a + b
2
,
a + 2b + 4c
4
)
∈R3
is just the inverse of T . 
Remark 5.8. If n ∈ N is even, using the fact that∥∥(a, b, c)∥∥2n,n = ∥∥(a, b, c)∥∥4,2 = ∥∥∥∥(a4 , a + b2 , a + 2b + 4c4
)∥∥∥∥
2,1
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{
| b24a − c| if a = 0, | a+ba | < 1, 2a+2b+4ca < 12 (| a+ba | − 1)2,
| a+b2 + c| + | a+b2 | otherwise.
Notice that the latter identity is equivalent to (14) with m = 2n.
On the other hand it is well known that if X is a normed space, T : X → X is a bijective linear isometry and
B ⊆ X is convex, then ext(T (B)) = T (ext(B)). Hence the extreme points of B2n,n with n ∈ N even can be obtained
by applying the isometry T to the extreme points of B2,1. The reader can check easily that the result obtained doing
this is the same as the one obtained in Corollary 5.6.
6. Final remarks and open questions
It is particularly difficult to study the geometry of the space R3 endowed with any of the two following norms∥∥(a, b, c)∥∥
m,n,k
= sup{∣∣axm + bxn + cxk∣∣: x ∈ [−1,1]},
∥∥(a, b, c)∥∥
p
=
( 1∫
−1
∣∣ax2 + bx + c∣∣p dx) 1p ,
where m,n, k ∈N and 1 p ∈R.
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